Abstract. Existence and uniqueness of some Holder continuous generalized solution of CauchyDirichlet problem for a class of degenerate or singular quasilinear parabolic equations is established. Similar equations arise in the study of turbulent filtration of a gas or a fluid through porous media.
Introduction
In this paper we consider a special case of doubly nonlinear parabolic equations. In particular we limit ourselves by consideration equations (1.1), (1.2) only for m > 1 and Equations (1.1), (1.2) and in particular (1.3) arise in the study of turbulent filtration of a gas or of a fluid through porous media and non-Newtonian flows (see [13] ).
Existence of generalized solutions of Cauchy-Dirichlet problem for doubly nonlinear parabolic equations were established first by Raviart [17] and J.-L. Lions [15] and then by many authors. In particular Bamberger stated in [1] his results on existence and uniqueness of some non-negative generalized solution of Cauchy-Dirichlet problem for a non-homogeneous equation Fo[u] f (see (1.3) ).
Up to recent time there were no regularity results for doubly nonlinear parabolic equations. The simple modification of the Barenblatt explicit solutions lets to show that at least in the case 1 > 1 Hölderness is the best possible smoothness of generalized solutions of equation (1.3) . Hence the key question of the regularity theory for doubly nonlinear parbolic equations is establishing Holder estimates for their generalized solutions. At first such estimates were established in [4] for the case of, so-called, doubly degenerate parabolic equations, i.e. for eqautions (1.1), (1.2) in the case m > 2 and
1>0.
This paper is devoted to the proof of existence and uniqueness of some HOlder continuous generalized solution of Cauchy-Dirichlet problem for equations of the type (1.1), (1.2) . The crucial role is played by the HOlder estimates established by the author in [5 -9] .
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Statement of the main result
Assume that for any u, v e 11? and p, q E 1R' we have (QT) . We say that a function u is a quasistrong solution of the Cauchy-Dirichiet problem (2.3) if it is a weak solution of (2.3) and, moreover, there exists a sequence {u n } nJjv of strong solutions of problems
We say that a function uis a regular solution of the Cauchy-Dirichlet problem (2.3) if it is Holder continuous in QT and a quasistrong solution of equation (2.3).
Introduce the following assumptions:
Moreover, assume that the following conditions are fulfilled for equation (1.1):
0) The functions u_0ai(u,up) (i = 1,... ,n; a = fr) are continuous on x 1W'. 2) in the case in 2 2 and 1 2 0 was proved in [11] . Existence and uniqueness of regular solution of the CauchyDirichlet problem (2.3) under conditions (cl), (B!), (RHS) and 0) -3) and for 1 2 0, max (1, n+2) <Tn <2, in + 1 > 2 can be derived from results of [12] . The proofs of the results of [11] and [12] are based on using HOlder estimates established in [4] and [5 -9] , respectively.
1) (Growth condition

Uniqueness of quasistrong solution
In this section we state the uniqueness results of paper [12] . Assume at first that for any u,v € JR and any p,q E ]R' the function a = (a ...... a") satisfies the following conditions:
(A= const>0,m> 1). 
( 3.4) Obviously that the test function (3.4) is admissible. In view of the concavity of the function G 6 we have
Then from (3.3) it follows that
Using the Newton-Leibnitz formula for the first term in (3.5)and then letting h -0 we obtain for any
0..
Taking into account that
G6 (u i -u 2 )---(u i _u 2 )+ and
H6(111 -u2)-----*sign(ui _u2)+
as 5 -0 we derive from (3.6) and conditions (M) Proof. Let u and ü be two quasistrong solutions of problem (2.3). Let (u n , f, 'P,) -(u,f,'I') and ( u ,J,'P ) -(ü,f,'F) in sense of (2.5). Obviously we can choose subsequences {W} and {'. P,% } such that SUP ('I'n,ST) !^ inf('F,ST ) (n E .1IV). Then we can apply Proposition 3. 1, i.e., for any r E (0,T1
OQ
Letting n -:: and using (2.5) we obtain that (u -ii)+ = 0 a.e. in QT Remark 3.1. In some sense Definition 2.4 of quasistrong solution and Theorem 3.1 are similar to the definition of "limit of strong solutions" and the corresponding uniqueness theorem given by Bamberger [1) for equation (1.3) . However instead of our condition inf (u, QT) > 0 in the definition of strong solution Bamberger used condition au E LI(QT).
We introduce now the following Definition 3.3. We say that a function u is a maximal weak solution of the CauchyDirichlet problem (2.3) if it is a weak solution of problem (2.3) and, moreover, for any weak solution v of this problem we have
The reason of uniqueness of quasistrong solution of equation (2.3) can be found by means the following proposition that easily follows from the proof of Proposition 3.1 given in [12) . Proof. Inequality (3.3) remains valid for any weak solutions u 1 and u 2 of the Cauchy-Dirichiet problem if we change Vu 1 and Vu 2 in (3.3) by (u1) and (u 2 ), respectively (where u is defined by (2.2)). Let u be a quasistrong and v be a weak solution of (2.3). Consider the sequence { u () } of strong solutions of problems
where H6 (s) is defined like above. Such a test function is admissible for (3.3) because
H6 (v -U()) = H6 ((v _U(n))) = H6 ((v( . ) -U(n))))
where
Then repeating arguments of the proof of Proposition 3.1 we obtain for any rE(0,T].
Using (2.5) we derive from (3.9) that v -u 0 a.e. in Q, i.e., inequality (37) is established I
Holder estimates for doubly nonlinear parabolic equations
Establishing Holder estimates is the key question of the regularity problem for doubly nonlinear parabolic equations not only in view of the fact that HOlderness is the best possible smoothness for a large class of such equations. In fact HOlder estimates for bounded generalized solutions are crucial and the best difficult step in proving of existence of regular solution of Cauchy-Dirichlet problem for doubly nonlinear parabolic equations.
Directly from our results [5 -9] for doubly nonlinear parabolic equations of the full type
with the limit growth conditions we can derive the following estimates for equations of the type (1.1), (1.2). Introduce condition
where cp j = const > 0 (i = 0, 1, 2). For the sake of brevity we state here only global Holder estimates (i.e. HOlder estimates up to the boundary) for equations (1.1), (1.2).
Theorem 4.1 (see [5 -8) 
Theorem 4.2 (see [9]). Assume that m + 1 < 2 and let conditions (H), (M), (L)
A. V. Ivanov
The auxiliary Cauchy-Dirichiet problem
This section has an auxiliary character. At first we prove some generalization of the well-known Friedrieks inequality (cf. [14: pp. 529 -5301) which will be used not only in this section. 
+ e V(Itzu)
Really, for the function v = I u I u we have the well-known Sobolev inequality
because from condition -I-< -1 + 1 it follows that I > I -I Rewrite (5.4) as
Then from (5.3) and (5.5) it follows that 
Then for functions ü, = U j, /II U VIIL,(fl) we have
In view of (5.8) the norms II Vv vIIL,(n) are uniformly bounded and hence (taking into account that > -for r = there exists some subsequence {v } converging strongly in Lr(fZ). It is easy to see then that the subsequence {u) converges strongly in L2 () to some function ü E L 2 (). Really, in view of the strict monotonicity of the function x -4 x I x (/3> 0) we have
with some constant c > 0 and hence
Moreover, it is obvious that II u IIL2(ci) = 1. The functions Pi,,ft, also converge strongly in L2(Q) to ü because In view of (5.8), (5.9) we obtain then the impossible inequality 1 > 1 + 81
Now we consider the Cauchy-Dirichiet problem
on 1'T assuming the following: 
where {c'} i N is the solution of the system of ordinary differential equations where the constant c is independent of N. Moreover, for any fixed k the functions
are The result of Theorem 6.1 correspondent to the case m>2 and 1>0 (6.1) can be derived from the proof of the main theorem of the paper [11] if to use Theorem 4.1 of the present paper. Therefore we shall prove Theorem 6.1 only in the case when The proof of Theorem 6.1 correspondent to the case (6.2) can be easily transformed in one applicable in the case (6.1).
In the remainder of this paper we assume that all conditions ( a ), (BI), (RHS) and 0) -4) of Theorem 6.1 and also condition (6.2) are fulfilled. Without loss of generality we can and shall count that There exist constants c 1 and c2 depending on n, m, 1 
From here it follows that the integrals fl, u 5 'J.' dx (6 E (0,1) ) are equicontinuous (with respect to 8) in ton [0, T] for any fixed 'F E C(). Using the density of C() in L2() and the uniform boundedness of the sequence {u 5 } in QT (see (6.6)) we can derive from here that there exists a subsequence {ub} which converges weakly in L2 (cl), uniformly with respect tot on [0, T], to some function u satisfying inequality (5.18) with a constant c independent of 6 (see also [14: pp. 182-183] ). Moreover, in view of (6.5) -(6.7) we can count that On the other hand, from inequalities (7.6) and (7.7) it follows that for any 6,6' > 0 Jf V(u 6 -u 6'I( u 6 -uö))dxdt c (i3 = (7.10) Qr with some constant c independent of 6. Really, in view of the definition of 6 we have 2 a+2
.1 = and hence the conditions m> 1, + of Lemma 5.3 are fulfilled for /3 =-a in view of condition 4). It is easy to see that from inequalities (7.6) and (7.7) it follows that the constant c in (7.10) is independent of 6. Using (7.10) and taking into account that u6 -u weakly in L2 (IZ), uniformly with respect to t on [0, Tj, we derive from inequality (5.2) in the case 0 = for the difference u6 -up that us -4 u strongly in L2,m(QT) (7.11) a.e. in QT (7.12) u -i u weakly in L2 (QT) (7.13)
Then from (7.2), (7.5), and (7.12) -(7.14) we can derive that for a.e. r E (0,T) and any
The following proposition is well-known (see, for example, [111).
Proposition 7.1. Let the function g satisfy a Lipschitz condition uniformly on JR and its derivative g' be continuous everywhere on JR with possible exception of finitely many points at which g' has a discontinuity of the first order. Further, let u E C([0,T];L2(cl))flW°(QT), ço E W,,(QT), fj E Lm'(QT) (i 0,1,...,ri, + = 1 (in >1)). At least, assume that for any t 1, t 2 E [0,T1 and any 0 E W(QT) /uqdxI +Jf(_u&+f+fo)dxdt=o Jci
Iti
ti 0 and let u = on ST Then for any t1, t 2 E [0, T] we have f (G(u) -ug(o))
where G(u) = fou Using Proposition 7.1 we can conclude (in the same way as in [14: p. 538]) that in view of (7.15) and (5.18) or (7.6) condition (5.29) holds for the function u. Moreover, using Proposition 7.1 we can derive from (7.15) that for any r E (0, T] we have 1(
In view of (5.29) the integral identity (7.15) holds for any r E (0, T].
To prove that u is a generalized solution of problem (RCD)e it is sufficient to establish that (7.18) for any 0 E C(1) (because C (1) is dense in *(QT)). To prove this it is sufficient to establish that ôti6au a.e. in QT (z = 1,. . .,n) (7.19) Oxi (/Xj because in view of (7.19 ) and (7.12) , the continuity of the functions a, condition 1'), estimates (7.6) and (7.7) and the Vitali theorem we obtain that for any 0 E W,(Q7) and any r E (0,T] 
6-0
On the other hand, in view of (7.9) the left-hand side here is equal to that of (7.18) . Hence (7.19) implies (7.18).
Choosing 0 = U6 -e in (7.1) we obtain with the aid of Proposition 7.1 that
Using (7.13) and (7.14) we derive from (7.21) and (7.17) Using (7.3) -(7.5), (7.9) and (7.22) and taking into account that in view of (7.12), (7.6) and (7.7), condition 1) and the Vitali theorem a'(u 6 ,Vu) -* a'(u,Vu) strongly in Lm'(QT) as S -0 (7.24)
we derive from (7.23) that lim R6 = 0. (7.25) with a constant c depending on (x,i) E Q. Suppose now that jVu b j is unbounded in some point (x,t) E Q . Then IVu 6 I -oo for some subsequence {8} and hence in view of (7.29) we obtain that for this subsequence h.5(x, t) = oo, i.e., we obtain a contradiction with (7.28). Hence jVu b j are bounded (non-uniformly) at any point of Q . ( 7.30)
Then from (7.27), (7.28) and (7.30) it follows that the numerators of h 6 tend to zero on Q as 6 -0, i.e. (7.19) is true. Therefore the function
is a generalized solution of problem (RCD) E . From Lemmas 6.2 and 6.3 it follows that this function satisfies estimates (6.5) -(6.8). In view of (6.5) 
The passing to the limit as E -p 0
Now we are ready to prove Theorem 6.1 and hence Theorem 1.1. In the remainder of this section we denote the solution of problem (RCD) C as ue. We are going to realize the passing to the limit as e -+ 0 using the a priori estimates (6.5) - (6.8) . This passing can be done in the same way as one in [12] where existence of regular solution of problem (CD) was proved in the case 1> 0, max (i, <m < 2, in + 1> 2.
In view of estimates (6.5) -(6.8) we can conclude that there exists a function u such that 0< inf ( u , QT) sup (u,Q'p) < c1 and (see (4.2)) < K. (8.5) In (8.2) and (8.4) we used the following notation similar to one from Definition 2.3:
Obviously, uu 2 E Lm(QT) (i = 1,.. . ,n) (in view of (8.4)). In view of the boundedness of u and inequality a = > a the expressions for u, in (8.6) and (2.2) coincide. Moreover, from condition uu 2 E Lm(QT) it follows that E Lm(QT) (i 1,. . . , n). We use below the following auxiliary propositions (see [11] or 1121). Returning to (8.1) -(8.5) we see that the function u is non-negative and bounded
-r) and u = on rT. Hence to prove Theorem 6.1 it is sufficient to show that for
-f)dxdt =0 (8.12) where u 1 is defined by (8.8) in the case a = fr . Really, in this case from the kind of the problem (RCD) C it will follow that u is a quasistrong and hence regular solution of problem (CD).
To prove that (8.12) for j E we obtain in view of (8. The remainder of this section is devoted to the proof of (8.19 ). Applying Proposition 7.1 with g() = -we derive from (7.16) thatau j (u 2-Eu) dz 2 + JJ (ai(u" Vu) -AU -6)) dxdt = 0. , it 
